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1. Introduction
The classical Bernstein theorem states that a complete minimal graph in R3 must be a hyperplane. For the higher
dimensional cases it was proved in the works of Fleming [8], Almgren [1] and Simons [10] that the same conclusion hods
for minimal graphs in Rn+1 provided n  7. When n > 7 counterexamples were found by Bombieri et al. [2] Generalizing
the classical Bernstein theorem, do Carmo and Peng [3] and Fisher-Colbrie and Schoen [7] proved independently that any
complete oriented stable minimal surface in R3 must be a plane. Recall that a minimal submanifold in a Riemannian
manifold is stable if the second variation of its volume is always nonnegative for any normal variation with compact support.
For the higher dimensional case, it is still unknown if a complete oriented stable minimal hypersurface in Rn+1 (3 n 7)
is a hyperplane. With respect to this problem, do Carmo and Peng proved the following result.
Theorem A. (See do Carmo and Peng [4].) Let Mn be a complete stable minimal hypersurface in Rn+1 . Suppose that
lim
R→∞
∫
M |A|2
R2q+2
= 0, q <
√
2
n
,
then M is a hyperplane. Here, A is the second fundamental form of M.
In the case that Mn has constant mean curvature we have the following result due to do Carmo and Zhou.
Theorem B. (See do Carmo and Zhou [5].) Let Mn (n 6) be a complete stable hypersurface with constant mean curvature H in Rn+1 .
Let A be the second fundamental form of M. If
lim
R→∞
∫
M(|A|2 − nH2)
R2− 2n
= 0,
then M is a hyperplane.
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where Gn,m is the Grassmannian of oriented m-planes in Rn+m . In [13], Xin proved that if the image of gauss map γ (M) is
contained in some geodesic ball of radius
√
2
4 π in Gn,m , then it holds that∫
M
|∇ f |2  2
∫
M
f 2|A|, (1.1)
for all f ∈ C∞0 (M).
Motivated by the above results and using some curvature estimates due to Xin [13] we prove similar rigidity theorems
for submanifolds of the Euclidean space with arbitrary normal bundle.
Firstly, for the minimal submanifolds, we have
Theorem 1.1. Let Mn be a complete immersed minimal submanifold in Rn+d. Suppose that for some k > 32 (1 − 2mn ), the following
inequality holds∫
M
|∇ f |2  k
∫
M
f 2|A|2, ∀ f ∈ C∞0 (M). (1.2)
If for some q satisfying
2k − 3−
√
4k2 − k(6− 12mn )
3
< q <
2k − 3+
√
4k2 − k(6− 12mn )
3
,
we have
lim
R→∞
∫
M |A|2
R2q+2
= 0,
then M is an aﬃne plane.
Recall that (cf. [4,11,12]) a complete minimal hypersurface (resp. submanifold) M in Rn+1 (respectively Rn+d) is stable
(respectively super stable) if∫
M
|∇ f |2 
∫
M
f 2|A|2, ∀ f ∈ C∞0 (M). (1.3)
Our condition (1.2) is a little stronger than the super stability condition. However, when k is less than 2, from the above
Xin’s result, it is weaker than the geometric condition that the image of gauss map of M is contained in some geodesic ball
of radius
√
2
4 π in Gn,m .
Consider now the case that the mean curvature of the submanifold is constant. We have ﬁrstly a general result.
Theorem 1.2. Let Mn be a complete non-compact submanifold immersed in a Riemannian manifold N. Denote by A and H the second
fundamental form and the norm of the mean curvature vector of M, respectively. If H is constant and if there exist positive constants
 , a, b and l such that∫
M
|∇ f |2  
∫
M
f 2|A|a, ∀ f ∈ C∞0 (M), (1.4)
and
lim
R→+∞
∫
BR (x)
|A|b
Rl
= 0,
then H = 0.
As a corollary of Theorem 1.3 and Theorem 1.4, we get
Corollary 1.3. Let Mn be a complete non-compact immersed submanifold of Rn+m with constant mean curvature H. Suppose that∫
|∇ f |2  k
∫
f 2|A|2, ∀ f ∈ C∞0 (M),M M
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2k − 3−
√
4k2 − k(6− 12mn )
3
< q <
2k − 3+
√
4k2 − k(6− 12mn )
3
,
we have
lim
R→+∞
∫
BR (x)
|A|2
R2+2q
= 0,
then M is an aﬃne plane.
Let Nn+mm (c) be a pseudo-Riemannian manifold with constant curvature c and index m. Also, let Mn ⊂ Nn+mm be a com-
plete space-like submanifold, {eI }n+mI=1 a Lorentzian orthonormal frame adapted to M and {ω I }n+mI=1 the associated coframe.
In the sequel we set up the following for the range of indices
1 i, j  n; n+ 1 α  n +m.
The metric of N is given by
ds2N =
∑
I
Iω
I ,
where i = 1 and α = −1.
We have that the induced metric in M is ds2 =∑i(ωi)2. Since ωα |M = 0, by Cartan’s lemma, it follows that ωαi = hαi jω j ,
where the coeﬃcients hαi j satisﬁes
hαi j = hαji .
The second fundamental form of M is the mixed tensor
A = hαi jωi ⊗ω j ⊗ eα.
As in the Riemannian case, we deﬁne the mean curvature vector of M as
H = 1
n
(∑
i
hαii
)
eα = Hαeα. (1.5)
Finally let
S =
∑
α,i, j
(
hαi j
)2
.
Now we can establish the following
Theorem 1.4. Let M be a complete space-like submanifold of Rn+mm with constant mean curvature H. Suppose that there exist positive
constants  and l such that
∫
M
|∇ f |2  
∫
M
f 2S, ∀ f ∈ C∞0 (M),
and
lim
R→+∞
∫
BR (x)
S
Rl
= 0,
then M is an aﬃne plane.
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Proof of Theorem 1.1. If Mn ⊂Rn+m is an immersed minimal submanifold of the Euclidean space, Xin [13] proved that
|∇A|2 − ∣∣∇|A|∣∣2  2
nm
∣∣∇|A|∣∣2.
In [10] Simons showed that
|A|2 −3|A|4 + 2|∇A|2.
Plugging the above relations together and using the identity |A|2 = |A||A| + 2|∇|A||2 we obtain the following
|A||A| 2
nm
∣∣∇|A|∣∣2 − 3
2
|A|4. (2.1)
Introducing f |A|1+q in inequality (1.2) we get
k
∫
M
f 2|A|4+2q 
∫
M
∣∣∇( f |A|1+q)∣∣2
= (1+ q)2
∫
M
|A|2q∣∣∇|A|∣∣2 f 2 +
∫
M
|A|2q+2|∇ f |2 + 2(1+ q)
∫
M
f |A|2q+1g(∇ f ,∇|A|). (2.2)
Multiplying (2.1) by |A|2q f 2 and integrating over M it comes that
2
nm
∫
M
|A|2q f 2∣∣∇|A|∣∣2 
∫
M
|A|2q+1 f 2|A| + 3
2
∫
M
|A|2q+4 f 2.
Since ∫
M
|A|2q+1 f 2|A| = −
∫
M
g
(∇(|A|2q+1 f 2),∇|A|)= −(2q + 1)
∫
M
|A|2q f 2∣∣∇|A|∣∣2 − 2
∫
M
f |A|2q+1g(∇ f ,∇|A|),
after multiplication by (1+ q) we have the following expression
(1+ q)
(
2
nm
+ 2q + 1
)∫
M
|A|2q f 2∣∣∇|A|∣∣2  3
2
(1+ q)
∫
M
|A|2q+4 f 2 − 2(1+ q)
∫
M
f |A|2q+1g(∇ f ,∇|A|). (2.3)
Summing up (2.2) and (2.3), we get
(1+ q)
(
2
nm
+ q
)∫
m
|A|2q f 2∣∣∇|A|∣∣2 
(
3
2
(q + 1) − k
)∫
M
|A|2q+4 f 2 +
∫
M
|A|2+2q|∇ f |2. (2.4)
Consider the term
∫
M 2|A|2q+1 f 〈∇ f ,∇|A|〉 in (2.2). Using Cauchy–Schwarz inequality and that
2ab a2 + b
2

, ∀ > 0,
we easily obtain the following∫
M
f 2|A|2q+4  (1+ q)(1+ q + )
∫
M
|A|2q∣∣∇|A|∣∣2 f 2 +
(
1+ 1+ q

)∫
M
|A|2q+2|∇ f |2. (2.5)
Introducing (2.4) in (2.5) we ﬁnally have
B
∫
M
f 2|A|2q+4  C
∫
M
|A|2q+2|∇ f |2, (2.6)
where
B = k − (1+ q + )
(
2
nm
+ q
)−1(3
2
(q + 1) − k
)
, C = (1+ q + )
(
2
nm
+ q
)−1
+ 1+ 1+ q

.
The part without  in B is given by
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2 + (4knm − 6nm)q + 4k + 2mnk − 3mn
2+ qnm .
The conditions k > 32 (1− 2nm ) and
2k − 3−
√
4k2 − k(6− 12mn )
3
< q <
2k − 3+
√
4k2 − k(6− 12mn )
3
imply that p(q) > 0. In this case we can ﬁnd  > 0 suﬃciently small such that (2.6) can be rewritten as∫
M
f 2|A|2q+4  C1
∫
M
|A|2q+2|∇ f |2,
where C1 is a positive constant.
Recall Young’s inequality
ab δ
sas
s
+ δ
−tbt
t
,
1
t
+ 1
s
= 1,
where δ > 0 is arbitrary and 1< t, s < +∞.
Let p ∈ (0,2+ 2q) be a number to be determined. By Young’s inequality we have
|A|2q+2|∇ f |2 = f 2
(
|A|2q+2 |∇ f |
2
f 2
)
= f 2
(
|A|2q+2−p|A|p |∇ f |
2
f 2
)
 f 2
(
δs
s
|A|s(2q+2−p) + δ
t
t
(
|A|p |∇ f |
2
f 2
)t)
. (2.7)
Solving
pt = 2, s(2q + 2− p) = 4+ 2q, 1
t
+ 1
s
= 1,
we get
p = 2
1+ q , s =
q + 1
q
, t = 1+ q.
Putting (2.7) in (2.11) we have
∫
M
|A|2q+4 f 2  C1 qδ
q+1
q
q + 1
∫
M
|A|2q+4 f 2 + C1 δ
−(1+q)
1+ q
∫
M
|A|2 |∇ f |
2q+2
f 2q+2
,
where
(
1− C1 qδ
q+1
q
q + 1
)∫
M
|A|2q+4 f 2  C1 δ
−(1+q)
1+ q
∫
M
|A|2 |∇ f |
2q+2
f 2q+2
.
Choosing a small δ we can write
∫
M
|A|2q+4 f 2  C2
∫
M
|A|2 |∇ f |
2q+2
f 2q+2
, (2.8)
for a new constant C2 = C2(n, ,q, δ).
Now, changing in (2.8) f by f 1+q we obtain
∫
M
|A|2q+4 f 2q+2  C2
∫
M
|A|2 (|∇( f
1+q)|2)1+q
f 2q(1+q)
= C2(1+ q)2(1+q)
∫
M
|A|2 f
2q(q+1)|∇ f |2q+2
f 2q(q+1)
= C3
∫
M
|A|2|∇ f |2q+2. (2.9)
Fix a point p0 ∈ M and consider the geodesic distance function r(x) = d(x, p0). For given numbers R and θ ∈ (0,1), consider
f ∈ C∞(M) deﬁned by0
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⎧⎨
⎩
1, if r(x) θ R,
R−r(x)
(1−θ)R , if θ R  r(x) R,
0, if r(x) R.
From |∇r| 1, (2.9) becomes
∫
Bθ R (p0)
|A|2q+4 f 2q+2 
∫
M
|A|2q+4 f 2q+2  C3
∫
M
|A|2|∇ f |2q+2 = C3
∫
BR (p0)
|A|2
((1+ θ)R)2q+2 .
Letting R → +∞ we know that the right-hand side vanishes. Thus∫
M
|A|2q+4 = 0.
This implies |A| = 0. 
Before going into the proof of Theorem 1.2 we recall some deﬁnitions. Let  be the Laplacian for functions in a complete
non-compact Riemannian manifold M . The ﬁrst eigenvalue of  in M is deﬁned by
λ1(M) = inf
i
λ1(Ωi),
where {Ωi}i∈N is a compact exhaustion of M and λ1(Ωi) is the ﬁrst Dirichlet eigenvalue of  in Ωi .
If BR(x) denotes the geodesic ball of radius R , we say that M has polynomial volume growth of degree at most k 0 if
there exist a positive constant C such that
Vx(R) := Vol
(
BR(x)
)
 C Rk, ∀R  1.
Cheng and Yau [6] proved that if a complete non-compact Riemannian manifold M has polynomial volume growth, then
λ1(M) = 0. Using this fact we can verify our result.
Proof of Theorem 1.2. Remembering that
n∑
p=1
a2p 
(
∑n
p=1 ap)2
n
, (2.10)
we have
|A|2 =
∑
α,i, j
(
hαi j
)2 ∑
α,i
(
hαii
)2 ∑
α
(
∑
i h
α
ii )
2
n
=
∑
α
(
∑
i nH
α)2
n
= n
∑
α
(
Hα
)2 = nH2.
Suppose that H = 0. In this case
0= lim
R→+∞
∫
BR (x)
|A|b
Rl

(
nH2
) b
2 lim
R→+∞
∫
BR (x)
1
Rl
= (nH2) b2 lim
R→+∞
Vx(R)
Rl
.
We conclude that
lim
R→+∞
Vx(R)
Rl
= 0.
This proves that M has polynomial volume growth of degree at most l. By the Cheng–Yau theorem we have that
λ1(M) = 0.
Using (1.4) we get∫
M
|∇ f |2  
∫
M
f 2|A|a  (nH2) a2
∫
M
f 2, ∀ f ∈ C∞0 (M).
Then∫
M |∇ f |2∫
f 2
 
(
nH2
) a
2 , ∀ f ∈ C∞0 (M). (2.11)M
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0= λ1(M) = inf
f ∈C∞0 (M), f =0
∫
M |∇ f |2∫
M f
2
 
(
nH2
) a
2 > 0.
So, we must have H = 0. 
Finally, we prove Theorem 1.4. First we need a result due to Ishihara.
Lemma 2.1. (See Ishihara [9].) Let M be a complete space-like submanifold in Nn+mm (c). If H = 0 then M is a space form of curvature c.
Proof of Theorem 1.4. An easy computation shows that
S =
∑
α
(
Sα
)2 =∑
α
∑
i
(
hαi j
)2 ∑
α
∑
i
(
hαii
)2 ∑
α
(
∑
i h
α
ii )
2
n
= n
∑
α
(
Hα
)2 = nH2.
Now, using the same technique in the proof of Theorem 1.2 and combining with Lemma 2.1 the result follows. 
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